This paper aims to understand the effect of nanoarchitecture on the performance of pseudocapacitive electrodes consisting of conducting scaffold coated with pseudocapacitive material. To do so, two-dimensional numerical simulations of ordered conducting nanorods coated with a thin film of pseudocapacitive material were performed. The simulations reproduced three-electrode cyclic voltammetry measurements based on a continuum model derived from first principles. Two empirical approaches commonly used experimentally to characterize the contributions of surface-controlled and diffusion-controlled charge storage mechanisms to the total current density with respect to scan rate were theoretically validated for the first time. Moreover, the areal capacitive capacitance, attributed to EDL formation, remained constant and independent of electrode dimensions, at low scan rates. However, at high scan rates, it decreased with decreasing conducting nanorod radius and increasing pseudocapacitive layer thickness due to resistive losses. By contrast, the gravimetric faradaic capacitance, due to reversible faradaic reactions, decreased continuously with increasing scan rate and pseudocapacitive layer thickness but was independent of conducting nanorod radius. Note that the total gravimetric capacitance predicted numerically featured values comparable to experimental measurements. Finally, an optimum pseudocapacitive layer thickness that maximizes total areal capacitance was identified as a function of scan rate and confirmed by scaling analysis. Electrochemical capacitors (ECs) have attracted significant attention in recent years due to their promises as electrical energy storage devices for high power applications.
Electrochemical capacitors (ECs) have attracted significant attention in recent years due to their promises as electrical energy storage devices for high power applications.
1,2 They can be classified as either electric double layer capacitors (EDLCs) or pseudocapacitors depending on the charge storage mechanism. EDLCs store energy physically in the electric double layers (EDL) forming at the electrode/electrolyte interfaces.
1,2 They feature fast charging and discharging rates and thus large power density. They also have long cycle life thanks to highly reversible EDL formation. On the other hand, pseudocapacitors store energy both in the EDL and via reversible oxidation-reduction (redox) reactions occurring at the electrode surface and/or involving ion intercalation into the pseudocapacitive material. 1, [3] [4] [5] By combining both electrical energy storage mechanisms, pseudocapacitors offer the prospect of achieving high power density as well as high energy density. 1, [3] [4] [5] Materials for pseudocapacitors typically consist of transition metal oxides or conductive polymers capable of reacting with ions present in the electrolyte (e.g., Li + , K + , and H + ). 6 The most commonly used materials for pseudocapacitive electrodes include RuO 2 · xH 2 3, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] Unfortunately, most oxide materials typically feature low electrical conductivity. 8 This may lead to excessive potential drop across thick electrodes and thus limit their energy and power densities. 6, 8 One way to avoid excessive potential drops and to improve the performance of pseudocapacitive electrodes is to use an electrically conducting scaffold (e.g., carbon nanotubes) to support thin domains of pseudocapacitive materials. 3, [6] [7] [8] [9] [10] [11] [12] [13] [14] [16] [17] [18] [19] [20] This paper aims to study the effect of electrode nanoarchitecture on the performance of pseudocapacitive electrodes consisting of a layer of pseudocapacitive material deposited on a conducting scaffold. To do so, time-dependent multi-dimensional simulations of conducting nanorods coated with pseudocapacitive material with different dimensions were performed. The model accurately accounted for potential evolution and ion transport occurring in the electrolyte and for both redox reactions and intercalation of the reaction product in the pseudocapacitive layer. This study aims (i) to provide physical interpretations of three-electrode cyclic voltammetry measurements, (ii) to validate empirical data analysis methods commonly used experimentally, and (iii) to derive design rules for the electrode dimensions.
Background
Experimental studies.-To address the problem of low electrical conductivity of pseudocapacitive oxide materials previously mentioned, various nanocomposite electrodes have been synthesized including (i) MnO 2 layer coated on carbon nanotubes, 9 (ii) MnO 2 nanoparticles deposited on carbon nanotubes [10] [11] [12] [13] or on carbon nanofoam, 14 (iii) MnO x nanoparticles grown on carbon nanotube arrays, 15 (iv) Mn 3 O 4 nanorods grown on graphene sheets, 16 (v) slurry of mixed carbon nanotubes and redox active material nanoparticles including MnO 2 , Fe 3 O 4 , and V 2 O 5 , [17] [18] [19] [20] [21] (vi) metal oxide materials including Co x Ni 1−x (OH) 2 , MnO 2 , and FeOOH deposited on highly conductive NiCo 2 S 4 nanotube arrays, 22 and (vii) metal oxide materials Co x Ni 1−x (OH) 2 , Co x Ni 1−x O, and (Co x Ni 1−x ) 9 S 8 coated on carbon nanotube arrays, 23 (viii) Fe 2 O 3 nanoparticles grown on nitrogendoped graphene, 24 and (ix) Fe 3 O 4 nanoparticles grown on graphene nanoplates. 25 Moreover, the performance of nanocomposite electrodes has been compared with that of electrodes without conducting scaffold. 9, 12, 13, 16, 19, 20, 26 For example, Li et al. 9 fabricated electrodes consisting of single-walled carbon nanotubes coated by a MnO 2 layer to form MnO 2 /C nanotube (NT) arrays. The length of the MnO 2 /C NTs was 3 μm, while the outer radius of the carbon nanotubes was 550 nm and the thickness of the MnO 2 coating was 100 nm. The distance between adjacent MnO 2 /C NTs was large compared with the diameter of the NTs. The gravimetric capacitance of these C/MnO 2 NT electrodes in 0.5 M aqueous Na 2 SO 4 electrolyte was 161 F/g at scan rate 5 mV/s, for example. This was significantly larger than the value of 66 F/g, obtained at the same scan rate, for electrodes consisting of MnO 2 nanotubes without carbon nanotube (CNT) scaffold with the same electrode thickness. 9 Similarly, electrodes consisting of MnO 2 /C NTs featured larger energy density than MnO 2 NTs without CNT scaffold for a given power density. In addition, the gravimetric capacitance retention of MnO 2 /C NT electrodes was 97% after 5,000 cycles compared with 69% for electrodes consisting of MnO 2 NTs. This confirms the positive effect of adding a conducting scaffold on the performance of pseudocapacitive electrodes.
Furthermore, the effects of the conducting scaffold architecture and mass loading of pseudocapacitive materials were also tested experimentally. 10, 11, 13, 19, 27 For example, Lee et al. 11 synthesized films of multiwall carbon nanotubes, 100 -350 nm in thickness, using layer-by-layer assembly. The MWCNTs were 15 ± 5 nm in diameter uniformly coated with MnO 2 nanocrystals about 10 nm in diameter. Performance of these electrodes were compared with that of electrodes consisting of MnO 2 nanocrystals 20 nm in diameter deposited on carbon nanofoam 170 μm in thickness with average pore diameter 30 -80 nm in 0.1 M aqueous K 2 SO 4 electrolyte. 28 The gravimetric capacitance attributed to MnO 2 nanoparticles was significantly larger for electrodes consisting of MnO 2 nanocrystals coated on MWCNT than those consisting of MnO 2 nanocrystals on carbon nanofoam. 28 This was attributed to (i) higher packing density of MWNT network resulting in smaller potential drop from the current collector to the MnO 2 layer and (ii) thinner electrode leading to faster ion diffusion from bulk electrolyte to the electrode surface inside the porous structure. In addition, the authors varied the mass loading of MnO 2 by changing the dipping time 11 and observed an increase in the volumetric capacitance with increasing mass loading of MnO 2 .
Empirical characterization of pseudocapacitive electrodes.-A semi-empirical approach for analyzing cyclic voltammetry (CV) measurements has been used extensively [29] [30] [31] [32] [33] [34] [35] [36] to determine whether the charge storage process involves (i) surface-controlled mechanism when the measured current density is proportional to scan rate or (ii) diffusion-controlled mechanism when the measured current density is proportional to the square root of scan rate. 37 This approach assumed linear summation of the two contributions to the measured current density j T at low scan rates according to,
Here, k 1 (ψ s ) and k 2 (ψ s ) are semi-empirical functions associated respectively with surface-controlled and diffusion-controlled mechanisms. They correspond to the slope and intercept in the plot of j T /v 1/2 versus v 1/2 for a given potential ψ s (t). The functions k 1 (ψ s ) and k 2 (ψ s ) are independent of scan rate v but depend on the imposed potential ψ s . 37 Another approach commonly used experimentally 29, 33, 34, [38] [39] [40] [41] [42] [43] [44] assumed that the total current density obeys a power law with respect to the scan rate v according to [2] where the so-called b-value was expected to vary between 1/2 (diffusion-controlled mechanism) and 1 (surface-controlled mechanism). 38 A b-value of 1 across the potential window is highly desirable to achieve high charging rates. 39 Unfortunately, a dip in the b-value when plotted as a function of ψ s (t) has often been observed experimentally and attributed to the redox peak from faradaic reactions retrieved from CV curves. 29, 33, 44 However, recent modeling efforts have clarified the physical phenomena responsible for the dip in the b-value. 39 Finally, note that the above data analysis methods can be applied to the gravimetric (in A/g) or areal (in A/m 2 ) current densities, or the total current i T (in A).
Continuum models for simulating pseudocapacitors.-Various continuum models have been developed to predict the capacitance of two-electrode pseudocapacitive devices. 39, [45] [46] [47] [48] [49] [50] [51] [52] [53] [54] [55] They investigated the effect of electrode composition, 45, 49 solid-state ion diffusion in the electrode, 46 and moving reaction fronts. 50 These models assumed constant double layer capacitance throughout the charging/discharging cycle period and uniform ion concentrations throughout the electrolyte. 45, 49, 50 However, double layer capacitance varied with imposed potential and ion concentrations vary significantly in space and time. 56 In addition, the presence of EDLs near the electrodes can have a significant effect on the redox reactions in pseudocapacitors. 39, 45, 49, 50, 53, 57, 58 More recently, we have developed continuum models for hybrid devices accounting simultaneously for the temporal evolution of the EDL at the electrode/electrolyte interface as well as redox reactions and intercalations under cyclic voltammetry 39 and galvanostatic cycling. 53 Moreover, experimental characterization of pseudocapacitive electrodes typically uses a three-electrode configuration with the pseudocapacitive electrode of interest serving as the working electrode along with a counter electrode and a reference electrode. 7, [9] [10] [11] 15, 19, 20, 22, 23, [26] [27] [28] 30, 31, 33, 36, [59] [60] [61] Girard et al. 55 simulated three-electrode experiments for planar pseudocapacitive electrodes supported by a planar current collector. Such one-dimensional simulations qualitatively reproduced experimental measurements and provided qualitative physical interpretation of experimentally measured cyclic voltammograms for dense and porous Nb 2 O 5 electrodes in LiClO 4 /PC electrolyte. 7 The authors identified two regimes in the CV curves namely (i) a faradaic regime, in the lower portion of the potential window, where contribution from redox reactions to the total current dominated and (ii) a capacitive regime, in the higher portion of the potential window, where contribution from EDL formation dominated. The transition between the two regimes was responsible for the dip in the b-value and was due to the formation of a ClO − 4 EDL and the starvation of Li + in the electrolyte at the electrode/electrolyte interface. However, to the best of our knowledge, previous continuous simulations considered typically planar geometries 39,45-55 but did not account for realistic porous electrode architectures including those with a conducting scaffold supporting a redox active layer. Thus, they could not provide direct quantitative comparison with experimental data or design rules for the electrode architecture.
This paper aims to study the effect of electrode nanoarchitecture on the performance of pseudocapacitive electrodes. To do so, it presents, for the first time, transient multidimensional simulations of pseudocapacitive electrodes consisting of a layer of pseudocapacitive material (e.g., MnO 2 ) coated on electrically conducting (e.g., carbon) nanorods under cyclic voltammetry. The physical model accurately accounted for (i) redox reactions, (ii) EDL formation at the electrode/electrolyte interface, (iii) multidimensional ion transport in the electrolyte, and (iv) intercalation in the electrode for various conducting nanorod radii and pseudocapacitive layer thicknesses. In particular, this study aims to provide physical interpretation of CV curves by assessing the contribution to charge storage from EDL formation and faradaic reactions. It also aims to theoretically validate semi-empirical approaches commonly used for analyzing cyclic voltammetry measurements, based on Equations 1 and 2. Finally, it illustrates how the physical models and the associated simulations can be used to identify optimum dimensions of the electrode.
Analysis
Schematic and assumptions.- Figure 1a shows the schematic of a pseudocapacitive electrode consisting of a planar current collector of thickness L s supporting an array of electrically conducting nanorods coated by a layer of pseudocapacitive material. According to preliminary simulations, charge storage on an individual nanorod was not affected by the presence of its neighbors if the distance between adjacent nanorods was larger than 10 nm. Indeed, under this condition, the electric double layers (EDLs) formed near two adjacent coated nanorods did not overlap. Thus, a single axially symmetric nanorod with a conducting nanorod of radius r i and length L c conformably coated by a pseudocapacitive layer of thickness L r was simulated in cylindrical coordinates, as illustrated in Figure 1b . This generic electrode was conceived as a representation of pseudocapacitive electrodes synthesized experimentally. [9] [10] [11] [12] [13] Similarly, the electrolyte consisted of LiClO 4 in propylene carbonate, as commonly used experimentally. 62 To make the problem mathematically tractable, the following assumptions were made: (1) the electrolyte was binary and symmetric, i.e., two ion species were considered and featured the same ion diameter a, valency ±z, and diffusion coefficient D.
Pseudocapacitive layer (a) Figure 1 . Schematics of (a) electrodes consisting of ordered conducting nanorods coated with pseudocapacitive material on a planar current collector (b) simulated 2D cross-section of one rod along with the cylindrical coordinate system.
contained no free charges and its thickness H was approximated as the radius of the ions, so that H = a/2. 52,63,64 ( 3) The transport properties in the electrode and electrolyte were constant. (4) Bulk motion of the electrolyte was negligible. (5) The system was isothermal and its temperature remained constant.
Governing equations.-The local electric potential ψ(r, t) in the electrode consisting of a pseudocapacitive layer coated on conducting nanorods was governed by the Poisson equation expressed as 52, 65 ∇ · (σ P ∇ψ) = 0 in the pseudocapacitive layer [3] ∇ · (σ C ∇ψ) = 0 in the conducting nanorod [4] where σ P and σ C are the electrical conductivities of the pseudocapacitive material and of the conducting nanorod, respectively. The local molar concentration of the intercalated Li + (species 1) in the pseudocapacitive layer, denoted by c 1,P (r, t), was governed by the mass diffusion equation given by 65, 66 ∂c 1,P ∂t = ∇ · (D 1,P ∇c 1,P ) [ 5 ] where D 1,P is the diffusion coefficient of the intercalated Li + in the pseudocapacitive layer.
Moreover, the modified Poisson-Nernst-Planck (MPNP) model governed the spatiotemporal evolutions of the electric potential ψ(r, t) and of the two ion concentrations c i (r, t) in the electrolyte. 56, 67, 68 First, the potential in the electrolyte was governed by the Poisson equation given by 52 ∇ · ( 0 r ∇ψ) = 0 in the Stern layer, −z F(c 1 − c 2 ) in the diffuse layer. [6] Here, 0 = 8. 
Here, N i (r, t) is the ion mass flux vector of ion species "i" (in mol/m 2 s) at location r and time t defined as 52
where D and a are the diffusion coefficient and ion diameter of both ion species in the binary and symmetric electrolyte, R u = 8.314 J mol −1 K −1 is the universal gas constant, and T is the temperature. The three terms on the right-hand side of Equation 8 contributing to the ion mass flux N i correspond to ion diffusion, electrostatic migration, and a correction due to finite ion sizes, respectively. 56, 69 Initial and boundary conditions.-In order to solve Equations 3 to 8 for the time-dependent potential ψ(r, t) and ion concentrations c i (r, t) in the conducting scaffold, pseudocapacitive layer, and electrolyte in two-dimensional cylindrical coordinates, one needs one initial condition and two boundary conditions in each direction for each variable in each material.
First, the initial electric potential was assumed to be uniform across the simulated electrode and electrolyte and given by ψ(r, 0) = 0 V. In addition, the initial cation (Li + ) and anion (ClO The potential at the current collector surface (r, z = 0) was imposed as ψ s (t). For cyclic voltammetry, ψ s (t) varied linearly with time according to 52 ψ s (t)
where n c is the cycle number and τ CV is the cycle period while ψ min and ψ max are the minimum and maximum of the imposed potential, respectively. The corresponding boundary condition in the centerplane located at r cp = (0 ≤ r ≤ r t , z = L s + L) was given, by virtue of symmetry, as
The electric potential in the EDL varied linearly across the Stern layer so that the normal electric field at planar and cylindrical Stern/diffuse layer interfaces, located at r H satisfied 52, 70 ∂ψ ∂n
for cylindrical interfaces [12] where r S/E, pl and r S/E,cy refer to the location of the planar solid/electrolyte interfaces and to that of the cylindrical solid/electrolyte interfaces such that .
[13]
These boundary conditions accounted for the presence of the Stern layer without explicitly simulating it in the computational domain. This approach significantly reduced the number of finite elements necessary to numerically solve the equations. In fact, it made possible the numerical solutions of the above coupled transient 2D governing equations. 70 Moreover, at the current collector/electrolyte interface located at
, only the capacitive current due to the electric double layer formation contributed to the total current density so that
where ∂/∂n corresponds to the gradient along the direction normal to the electrode/electrolyte interface. Here, j C (r H , t) is the capacitive current density at the Stern/diffuse layer interface located at r H and defined as
On the other hand, the current density at the pseudocapacitive layer/electrolyte interface, located at
equaled to the sum of the capacitive current density j C (r H , t) (in A/m 2 ) due to EDL formation and the faradaic current density j F (t) (in A/m 2 ) due to redox reactions, so that 52,73
The faradaic current density j F (r P/E ,t) can be defined by the generalized Frumkin-Butler-Volmer model evaluated at the pseudocapacitive layer/electrolyte interface and expressed as 63
where j F,0 (t) is the so-called exchange current density, α is the transfer coefficient, and η(r P/E , t) is the surface overpotential. The exchange current density j F,0 (t) can be written as 65, 73 
where the reaction rate constant k 0 is expressed in m 1+3 α mol −α s −1 and c 1,P,max is the maximum concentration of intercalated Li + in the pseudocapacitive layer. In addition, the surface overpotential η(r P/E , t) can be expressed as [19] where ψ H (r P/E ) is the potential drop across the Stern layer at the pseudocapacitive layer/electrolyte interface and ψ eq is the equilibrium potential difference. Moreover, the mass flux of the intercalated Li + vanished at the conducting nanorod/pseudocapacitive layer interface located at
and at the current collector/pseudocapacitive layer interface located at
[20]
The mass flux of Li + intercalating or deintercalating through the pseudocapacitive layer/electrolyte interface was related to the faradaic current density j F (r P/E , t) based on stoichiometry as 74
Finally, both the current collector and the pseudocapacitive layer were impermeable to ClO
[22]
Constitutive relationships.-A total of 23 input parameters were needed to solve the governing equations (Equations 3 to 8) along with the initial and boundary conditions. These parameters include (i) the electrolyte properties r , a, z, D, and c ∞ , (ii) the pseudocapacitive layer properties ψ eq , c 1,P,max , c 1,P,0 , D 1,P , k 0 , α, and σ P , (iii) the electrical conductivity of the conducting nanorod and current collector σ C , (iv) the electrode and electrolyte dimensions r i , r t , L, L c , L s , and L r , and (v) the operating conditions T , ψ max , ψ min , and v. Typical values of these parameters were collected from the literature. 47, 65, 73, [75] [76] [77] [78] [79] [80] [81] [82] [83] [84] [85] [86] The binary and symmetric electrolyte simulated corresponded to 1 M LiClO 4 in propylene carbonate (PC) solvent, i.e., c ∞ = 1 M. 62 The dielectric constant of the electrolyte was taken as constant and equal to r = 66.1 corresponding to that of PC at zero electric field. 75 The effective solvated ion diameters a and diffusion coefficient D were taken as those of Li + ion (z = 1) in PC and equal to a = 0.67 nm and D = 2.6 × 10 −10 m 2 /s. 76 For electrode consisting of transition metal oxides, the equilibrium potential difference ψ eq is typically determined experimentally based on open-circuit potentials. 65, 73 It can be modeled as a linear function of the state-of-charge (SOC) expressed as c 1,P /c 1,P,max . 47, 77, 78 For MnO 2 dense films of thickness 100 μm at low scan rates, ψ eq (t) (in V) was measured as 79 ψ eq (t) = 10.5[4 − c 1,P (t)/c 1,P,max ] − 39.9.
[23]
This expression was used in the present study with the maximum intercalated lithium concentration in the pseudocapacitive layer Li m M p O q estimated as c 1,P,max = mρ/M where ρ and M are the density and molar mass of the fully intercalated metal oxide. For LiMnO 2 , ρ and M were reported as ρ ≈ 3.0 g/cm 3 and M = 93.9 g/mol 80 yielding c 1,P,max ≈ 31.9 mol/L. Finally, the initial concentration of Li + in the electrode was chosen as c 1,P,0 ≈ 6.38 mol/L such that the initial equilibrium potential difference ψ eq (t = 0) was zero. In addition, the value of the diffusion coefficient D 1,P of the intercalated Li + in the transition metal oxides was chosen as 10 −12 m 2 /s, based on the typical range from 10 −16 to 10 −10 m 2 /s. 81 The reaction rate constant k 0 for transition metal oxides has been reported to range between 10 −11 and 10 −8 m 2.5 mol −0.5 s −1 . 65, 73, 81 Here, it was taken as k 0 = 10 −8 m 2.5 mol −0.5 s −1 to maximize contribution from redox reactions. The transfer coefficient α was assumed to be 0.5, corresponding to identical energy barriers for forward and backward redox reactions. 63 The electrical conductivity of metal oxides may vary with the intercalation of lithium as well as the structure of the material. [82] [83] [84] Here, a constant value σ P = 10 −5 S/m was selected based on the range of electrical conductivity between 10 −6 S/m and 10 −3 S/m for Li x MnO 2 (0 ≤ x ≤ 1) at room temperature. 83 On the other hand, the electrical conductivity of the conducting nanorod and current collector was taken as the same value of σ C = 5 S/m based on the typical range of carbon conductivity between 10 −6 and 10 2 S/m. 85, 86 Moreover, the thicknesses of the current collector L s and height of the conducting nanorod L c were taken as L s = 10 nm and L c = 100 nm. The radius of the conducting nanorod r i and the thickness of the pseudocapacitive layer L r were treated as variables. The thickness of the computational domain was taken as L = 0.5 μm. The radius of the computational domain r t was chosen as r t = r i + L r + 40 nm.
Finally, the potential window was selected to be large enough to show all relevant phenomena occurring during charging and discharging. Consequently, the imposed potential ψ s (t) was cycled between ψ min = −0.2 and ψ max = +0.85 V. The scan rate v varied from 10 −3 to 10 4 V/s while the temperature was uniform and constant at T = 298 K.
Method of solution.-The governing equations along with the initial and boundary conditions were solved using COMSOL 4.4 in parallel computing mode. Mesh element size was chosen to be the smallest at the electrode/electrolyte interface, where the gradients of ion concentrations c 1 (r, t) or c 2 (r, t) and potential ψ(r, t) were the largest. Numerical convergence was considered to be reached when changes in the local electric potential ψ(r, t) and the normal component of current density j n = j · n at the electrode/electrolyte interface were less than 1% when reducing the minimum mesh size by a factor of two. In addition, the adaptive time step was controlled by the relative and absolute tolerances set to be both 0.0004. This enabled the use of smaller time steps when potential and current density changed more rapidly with time. The total number of finite elements was on the order of 10 6 . The simulations were run on Hoffman2 shared computing cluster of UCLA with 4 to 8 processors and 32 to 64 GB of RAM.
Finally, several cycles were simulated and an oscillatory steady state was considered to be reached when the maximum relative error in ψ(r, t) and j n = j · n between two consecutive cycles, at time t and t−τ CV , was less than 1%. These conditions were typically met by the third cycle for all conditions simulated. It took around 24 hours CPU time to obtain a numerically converged solution under oscillatory steady-state conditions. Data processing.-The interfacial area-averaged capacitive current density j C,B ET , due to EDL formation and dissolution, and faradaic current density j F,B ET , associated with faradaic reactions, (both in A/m 2 ) were estimated as
where A B ET is the total surface area of the solid/electrolyte interface, equivalent to that measured experimentally by the Brunauer-EmmettTeller (BET) method. 87 In addition, the total areal current density was estimated as j T,B ET = j C,B ET + j F,B ET .
Moreover, the associated areal integral capacitance C k,B ET (in μF/cm 2 ) can be estimated from the predicted CV curves at scan rate v according to 88 
C k,B ET
2v dψ s with k = C, F, or T. [25] Similarly, the gravimetric current density j k,g (in A/g) can be expressed as
where m P is the total mass of the pseudocapacitive material coated on the conducting nanorod. Then, the gravimetric capacitance C k,g (v) (in F/g) can be expressed as
2v dψ s with k = C, F, or T.
[27]
Results and Discussion
Physical interpretation.-This section considers an electrode consisting of 35 nm thick pseudocapacitive material coated on a conducting nanorod with radius r i of 5 nm and length L c of 100 nm ( Figure  1b) . This configuration was chosen based on experimentally synthesized electrodes consisting of multiple layers of MnO 2 nanocrystals, 10 nm in diameter, deposited on carbon nanotube with outer radius of 7.5 ± 2.5 nm.
11 Figure 2a shows the gravimetric (i) capacitive current density j C,g , (ii) faradaic current density j F,g , and (iii) total current density j T,g as functions of the imposed potential ψ s (t) at scan rate v = 0.1 V/s. It also shows (b) the corresponding concentrations 
t). Note that the intercalated Li
+ concentration c 1,P (r, t) was uniform throughout the thin pseudocapacitive layer, i.e., c 1,P (r, t) = c 1,P (t). Figure 2a indicates that the CV curves displayed two regimes namely (i) a faradaic regime in the lower portion of the potential window when contribution by the faradaic current density j F (t) dominated and (ii) a capacitive regime in the higher portion of the potential window when the capacitive current density j C (t) dominated. The transition between faradaic and capacitive regimes can be attributed to Li + ion starvation in the electrolyte at the pseudocapacitive layer/electrolyte interface during charging, represented by a blue square in Figure 2 . Indeed, the exchange current density j F,0 (Equation 17) decayed to zero as Li + starvation occurred in the electrolyte, i.e., c 1 (r H , t) → 0. This was caused by faster Li + electrodiffusion in the electrolyte away from the electrode/electrolyte interface compared with Li + deintercalation from the electrode to the electrode/electrolyte interface due to faradaic reactions. In addition, Figure 2b indicates that ClO Moreover, Figure 2c indicates that the Li + ion concentration c 1,P (t) in the pseudocapacitive layer varied linearly with imposed potential in the faradaic regime but remained constant in the capacitive regime. Overall, Li + intercalation and deintercalation were fast and reversible despite a small hysteresis at the transition between faradaic and capacitive regimes. Finally, Figure 2d indicates that the overpotential η(t) was nearly constant and close to zero in the faradaic regime. However, it was large and varied linearly with time in the capacitive regime, as theoretically explained previously for planar pseudocapacitive electrodes. 39 Further interpretation of the CV results was obtained by varying the scan rate v between 0.01 and 10 3 V/s. Figure 3a shows the log-log graph of the total gravimetric current density j T,g as a function of scan rate v in log scale for imposed potential ψ s (t) of 0. Furthermore, Figure 3d shows the gravimetric capacitances (i) C C,g (v) due to the formation of the EDL, (ii) C F,g (v) associated with faradaic reactions, and (iii) C T,g (v) = C F,g (v) + C C,g (v) as functions of scan rate v. It indicates that C C,g (v) was independent of scan rate for v ≤ 10 V/s and decreased sharply with increasing scan rate for v ≥ 10 V/s. This was also observed in simulations of planar and porous EDLC electrodes 52 and can be attributed to the fact that the potential propagation across the electrode and/or the ion transport in the electrolyte cannot follow the fast changes in the imposed potential ψ s (t) at high scan rates. On the other hand, C F,g decreased continuously with increasing scan rate. This was due to the fact that the intrinsically slow faradaic reactions cannot follow the increasingly rapid changes in the imposed potential ψ s (t). Consequently, the faradaic capacitance C F,g dominated at low scan rates but decreased faster than C C,g with increasing scan rate. Finally, the total capacitance values in Figure 3d at low scan rates (e.g., 65 F/g or 286 F/cm 3 at v = 0.01 V/s) were quantitatively comparable with experimentally measured capacitance of 175-250 F/cm 3 for similar electrode structures at the same scan rate. 11 Note that the scan rate in actual CV measurements for pseudocapacitive electrodes ranges typically from 10 −3 to 1 V/s with no sharp decrease in the total capacitance with increasing scan rate observed. 9, [11] [12] [13] 16 Similar observations could be made in Figure 3d . Here, however, the scan rate v was varied over a wider range to study the rate-dependent capacitance at very high scan rate. Figure 4 shows (a) the areal capacitive current density j C,B ET (in A/m 2 ) and (b) the gravimetric faradaic current density j F,g (in A/g) as functions of the imposed potential ψ s (t) for electrodes consisting of conducting nanorod with radius r i of 5, 35, and 65 nm supporting 35 nm thick pseudocapacitive layer, at scan rate v = 0.1 V/s. Figure 4a indicates that the areal capacitive current density j C,B ET was independent of r i . In other words, the total capacitive current i C (in A) was linearly proportional to the BET surface area A B ET such that i C ≈ j C,B ET A B ET , regardless of the radius of the conducting nanorod. Similarly, Figure 4b indicates that the gravimetric faradaic current density j F,g was also independent of r i and the total faradaic current was linearly proportional to the mass of the pseudocapacitive layer, i.e., i F ≈ j F,g m P . This was attributed to the fast Li + intercalation/deintercalation within the volume of the pseudocapacitive layer.
Effect of conducting nanorod radius.-
Moreover, Figure 4 shows (c) the areal capacitive capacitance C C,B ET and (d) the gravimetric faradaic capacitance C F,g as functions of scan rate v for different values of conducting nanorod radius r i . These figures indicate that C C,B ET was independent of r i at low scan rates and decreased slightly with decreasing r i at high scan rates. On the other hand, C F,g was independent of radius r i at all scan rates considered. Thus, the gravimetric capacitive capacitance C C,g = C C,B ET /(m P /A B ET ) decreased and the areal faradaic capacitance C F,B ET = C F,g m P /A B ET increased with increasing mass loading of the pseudocapacitive material m P /A B ET at low scan rates. This explains the fact that the total capacitance C T = C C + C F decreased with increasing m P /A B ET when expressed per BET surface area but increased when expressed per unit mass of the pseudocapacitive layer, as observed experimentally. 10 To further interpret the behaviors of C C,B ET and C F,g as functions of scan rate v, one needs to consider the potential propagation across the electrode, the ion Figures 5a and 5b show the potential ψ ti p (t) at the tip of the coated nanorod, located at (r, z) = (0, L s + L c + L r ), as a function of the dimensionless time t/τ CV at scan rates v = 0.1 and 100 V/s, respectively, for electrodes consisting of conducting nanorod with radius r i of 5, 35, and 65 nm supporting 35 nm thick pseudocapacitive material layer. At low scan rates, the conducting nanorod radius r i had no effect on ψ ti p (t) which was identical to the imposed potential ψ s (t) (Figure 5a) . However, at high scan rates, a time lag and a reduction in amplitude in ψ ti p (t) was increasingly apparent with decreasing nanorod radius (Figure 5b ). This was due to the fact that the electrical resistance R C of the conducting nanorod increased with decreasing r i according to R C = L c /(σ C πr 
but as functions of the potential ψ ti p (t) at the tip of the coated nanorod, at scan rates v = 0.1 and 100 V/s, respectively. It is interesting to note that no hysteresis was observed for c 1 
when plotted versus ψ ti p (t) at either scan rates. This indicates that the decrease in C C,B ET at high scan rates was due to the slow potential propagation across the electrode. However, it was not due to ion diffusion limitation in the electrolyte. Similar behavior was observed and the same conclusions were reached for 3D simulations of porous EDLC electrodes made of ordered carbon spheres with various values of electrode electrical conductivity and ion diffusion coefficient in the electrolyte. 90 Furthermore, the hysteresis in the concentration c 1,P of the Li + in the pseudocapacitive layer occurred at all scan rates but was independent of r i . This led to a continuous decrease in the contribution of faradaic reactions to charge storage and to the decrease of C F,g with increasing scan rate v (Figure 4d was also observed for other conducting nanorod radii r i . In addition, Figure 6b indicates that the gravimetric faradaic current density j F,g was nearly independent of L r in the lower portion of the faradaic regime (ψ s (t) ≤ 0.2 V). However, for larger potential ψ s (t), j F,g started decreasing sharply to zero faster with increasing L r . To further investigate the effect of L r , the scan rate v was varied between 10 −3 V/s and 10 4 V/s. Figure 6c shows the b-value as a function of the imposed potential ψ s (t) for different values of coating thickness L r . It indicates that the dip in the b-value became more prominent with increasing pseudocapacitive layer thickness L r due to a sharper decrease in the total current density j T,g during the transition between the faradaic and capacitive regimes (Figure 6b) .
Moreover, Figures 6e and 6f show respectively the areal capacitive capacitance C C,B ET and the gravimetric faradaic capacitance C F,g as functions of scan rate v for different values of thickness L r . It indicates that C C,B ET was independent of L r at low scan rates, corresponding to the equilibrium capacitance, as observed previously for EDLC electrodes. 89 However, it started decreasing sharply and at lower scan rates as L r increased. In addition, the gravimetric faradaic capacitance C F,g decreased continuously with increasing coating thickness L r for any given scan rate. Here also, to explain these observations, one needs to consider the temporal evolution of the electrode tip potential, the ion concentrations in the electrolyte at the solid/electrolyte interfaces, as well as the total changes in the state of charge (SOC) during charging. Figures 7a and 7b show the potential ψ ti p (t) at the tip of the electrode, located at (r,
, as a function of the dimensionless time t/τ CV , for the same electrodes as those simulated in Figure 6 , at scan rates v = 0.1 and 100 V/s, respectively. Here also, a time lag in the tip potential was observed only at high scan rates associated with a reduction in amplitude in ψ ti p (t) which became more apparent with increasing L r . This was attributed to the increase in electrical resistance R P ≈ L r /[σ P (πr 2 i + 2πr i L c )] across the pseudocapacitive layer with increasing L r at high scan rates. Note that, L r had a significantly stronger effect on ψ ti p (t) than r i (Figure 5b ). This was due to the significantly smaller electrical conductivity of the pseudocapacitive layer σ P compared with that of the conducting nanorod σ C . Here also, Figures 7c and 7d show that the corresponding concen-
at the electrode/electrolyte interface as functions of the potential ψ ti p (t) at the tip of the coated nanorod did not feature any hysteresis, at scan rates v = 0.1 and 100 V/s, respectively. Therefore, the decrease in C C,B ET at high scan rates, observed in Figure 6e , was only due to slow potential propagation across the electrode and not to ion diffusion limitations in the electrolyte. [29] where u e is the so-called drift velocity, i.e., the average velocity of electrons under electric field E = (ψ max − ψ min )/L r expressed as u e = (M u σ P E)/(ρn e e), with n e the number of free electrons per atom in the pseudocapacitive layer and M u the atomic mass (in u) of the pseudocapacitive layer. For LiMnO 2 , n e = 1 and M u = 93.9 u. 92 [30] where the time scale τ f associated with faradaic reactions and ion intercalation in the pseudocapacitive layer can be expressed as
Here, τ i = L 2 r /D 1, p is the time scale for ion intercalation in the pseudocapacitive layer treated as a diffusion process. 93 On the other hand, τ r is the effective time for faradaic reactions that can be expressed as
where K is the equilibrium constant for redox reactions mLi Total capacitances and optimum dimensions.- Figure 9 shows (a) the total gravimetric capacitance C T,g and (b) the total areal capacitance C T,B ET as functions of pseudocapacitive layer thickness L r for electrodes consisting of conducting nanorod with radius r i of 5 nm for scan rate v = 1, 2.5, 5, 10, 30, and 100 V/s. Figures 9a and 9b also show C T,g and C T,B ET as functions of L r for a planar electrode with the same electrolyte and electrode properties for scan rate v = 1 V/s. 55 The predicted values of the total gravimetric capacitance C T,g ranged between 20 F/g and 200 F/g. These values were comparable with capacitances measured for electrodes with similar morphologies and ranging between 60 F/g and 800 F/g. 9, 59, 60 Note that the total gravimetric capacitance systematically increased with decreasing pseudocapacitive layer thickness for all scan rates considered. The same trend was also observed for other nanorod radii r i (not shown). Note that for given electrode and electrolyte dimensions, the total capacitance C T,g or C T,B ET for planar pseudocapacitive electrodes increased with increasing electrical conductivity σ P and ion diffusion coefficient D 1, p in the electrode. 55 Moreover, during charging, transport properties D 1, p decreased 98 and σ P increased [99] [100] [101] due to the presence of Li + intercalated in the metal oxide structure. The dependence of D 1, p and σ P on the local intercalated Li + concentration does not seem to be available in the literature and accounting for these processes falls outside the scope of the present simulations. Figure 9b indicates that the total areal capacitance reached a maximum C T,B ET,max at an optimum pseudocapacitive layer thickness L r,opt (v), for a given scan rate v. The existence of L r,opt (v) can be attributed to the trade-off between offering large volume of pseudocapacitive layer for volumetric faradaic intercalation of Li + while maintaining acceptable potential drop across the electrode. Moreover, Figures 9a  and 9b indicate that the total capacitances C T,g and C T,B ET as well as the optimum thickness L r,opt for electrodes with conducting nanorod scaffold were much larger than those for planar electrodes 55 for a given scan rate (1 V/s). These observations confirm the positive effect of the conducting scaffold on the electrode performance.
Furthermore, Figure 9c Finally, Figure 9d shows the optimum pseudocapacitive layer thickness L r,opt as a function of scan rate v for electrodes consisting of conducting nanorod with radius r i of 5, 35 and 65 nm. It indicates that r i had a negligible effect on the optimum thickness L r,opt at all scan rates. In addition, the optimum pseudocapacitive layer thickness L r,opt was proportional to v −2/3 . The power law can be explained by considering the expression of the total capacitance C T,B ET as the sum of capacitive and faradaic contributions, i.e., −1 , as discussed previously (Figure 8 ). Therefore,
Substituting Equation 30 for v *
(L r ) into Equation 33 and solving for the equation ∂C
, where C is a constant depending on the electrode and electrolyte properties as well as the working conditions discussed in Constitutive relationships section.
Conclusions
This paper investigated the effect of nanoarchitecture on the performance of pseudocapacitive electrodes. It presented the first transient multidimensional simulations based on a physicochemical model derived from first-principles for pseudocapacitive electrodes consisting of conducting nanorods coated with a pseudocapacitive layer. First, two semi-empirical approaches commonly used in experiments relating the total current density to the scan rate were numerically reproduced and validated. The simulation tools were also used to determine the respective contributions of EDL formation and faradaic reactions to the total charge storage for different electrode dimensions and scan rates. The areal capacitive capacitance, due to EDL formation, remained constant and independent of electrode dimensions at low scan rates. However, at high scan rates, it decreased more sharply with decreasing conducting nanorod radius and increasing pseudocapacitive layer thickness due to resistive losses. By contrast, the gravimetric faradaic capacitance, arising from reversible faradaic reactions, decreased continuously with increasing scan rate and coating thickness but remained independent of the conducting nanorod radius. Moreover, the predicted total gravimetric capacitance featured realistic values comparable with experimental measurements. Finally, an optimum pseudocapacitive layer thickness to maximize total areal capacitance (in μF/cm 2 ) was identified as a function of scan rate and corresponded to a trade-off between achieving large charge storage by using thick pseudocapacitive layer and minimizing resistive losses across the electrode. 
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